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Abstract
In this paper, we study the entanglement structure of mixed states in quantum many-body systems us-
ing the negativity contour, a local measure of entanglement that determines which real-space degrees
of freedom in a subregion are contributing to the logarithmic negativity and with what magnitude. We
construct an explicit contour function for Gaussian states using the fermionic partial-transpose. We
generalize this contour function to generic many-body systems using a natural combination of deriva-
tives of the logarithmic negativity. Though the latter negativity contour function is not strictly positive
for all quantum systems, it is simple to compute and produces reasonable and interesting results. In
particular, it rigorously satisfies the positivity condition for all holographic states and those obeying the
quasi-particle picture. We apply this formalism to quantum field theories with a Fermi surface, con-
trasting the entanglement structure of Fermi liquids and holographic (hyperscale violating) non-Fermi
liquids. The analysis of non-Fermi liquids show anomalous temperature dependence of the negativity
depending on the dynamical critical exponent. We further compute the negativity contour following a
quantum quench and discuss how this may clarify certain aspects of thermalization.
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1 Introduction
The quantitative study of entanglement has become ubiquitous in the fields of quantum information,
condensed matter, and high energy physics. For example, it has played a central role in the characteri-
zations of gapped, critical, topologically-ordered, and holographic quantum systems [1–11]. The most
frequent quantification of entanglement in the literature is the von Neumann entropy of the reduced
density matrix
S(A) = −TrρA log ρA, ρA = TrA¯ρ. (1)
It is known that the mutual information (I(A : A¯) ≡ S(A)+S(A¯)−S(A∪A¯)) captures all correlation
(both classical and quantum) between subregion A and its complement A¯. This property makes the
von Neumann entropy not particularly useful for characterizing entanglement in mixed states because
it fails to distinguish the quantum correlations from classical ones. For instance, when considering
systems at finite temperatures, the von Neumann entropy coincides with the standard thermodynamic
entropy which is a completely disjoint topic from quantum entanglement. On the other hand, mixed
states are omnipresent in many-body quantum systems and it is of great interest to characterize the
structure of quantum entanglement in such states.
The logarithmic negativity is a computable candidate measure for the entanglement in mixed states
[12–14]. It is motivated from the positive partial transpose (PPT) criterion [15–21] which diagnoses
the seperability of mixed states based on if the partially-transposed density matrix is positive semi-
definite. The partial transpose of a density matrix with respect to sub-Hilbert space A may be written
2
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in terms of its matrix elements in orthonormal basis {|e(k)A 〉 , |e(j)B 〉}
ρTAAB =
∑
i
ρijkl |e(k)A , e(j)B 〉 〈e(i)A , e(l)B | . (2)
The PPT criterion states that the partial transpose of separable states (ρAB =
∑
k pkρ
k
A ⊗ ρkB) will be
positive semi-definite, while inseparable states will generically have negative eigenvalues. From this
observation, one may construct the logarithmic negativity, which measures how negative the eigenval-
ues are
EA;B = log
∥∥∥ρTAAB∥∥∥
1
, (3)
where ‖A‖1 = Tr
√
AA† is the trace norm. We note that for pure states, the logarithmic negativ-
ity is equivalent to the Re´nyi entropy at index 1/2. Negativity has been used to study a variety of
quantum systems including harmonic chains [22–29], spin systems [30–38], 1+1d conformal field the-
ories [39–43], 2+1d topologically ordered phases [44–47], variational states [48–51], and holographic
field theories [52–56]. Furthermore, the partial-transpose has been exploited to construct topolog-
ical invariants for symmetry protected topological (SPT) phases protected by anti-unitary symme-
tries [57–60].
Another disadvantage of the entanglement entropy is that it is a highly non-local object associated
to a codimension-1 region of spacetime. In order to have a fine-grained notion for the structure of
entanglement in a quantum state, it is desirable to decompose the entanglement entropy into contribu-
tions from its real-space degrees of freedom. With this motivation, the authors of Ref. [61] introduced
the notion of the entanglement contour1. The entanglement contour was not originally operationally
defined for all quantum systems, but rather defined in terms of a list of heuristic properties that any
such entanglement density function should satisfy:
1. Positivity: sA(x) ≥ 0.
2. Normalization:
∫
A sA(x)d
dx = S(A).
3. Invariance under spatial symmetries: If T is a symmetry of the reduced density matrix that
exchanges positions x and y, then sA(x) = sA(y).
4. Invariance under local unitaries: If UX is a local unitary acting only on subsystemX ⊂ A, then
the contour sA(X) associated with density matrix ρA is equal to the contour s˜A(X) associated
with density matrix UXρAU †X .
5. Upper bound: IfHA = HΩ ⊗HΩ¯ andHX ⊂ HΩ, then sA(X) ≤ S(Ω).
By no means do these conditions uniquely specify a contour function sA(x). In fact, distinct proposals
for contour functions for a variety of quantum systems have been studied [61, 63–65]. Motivated by a
natural expansion of the entanglement entropy in terms of conditional entropies and interesting fine-
grained analysis of the Ryu-Takayanagi surface [66–69], two of us in Ref. [70] proposed a “natural”
entanglement contour for generic quantum systems of n (possibly infinite) degrees of freedom {Ai}
with generic entangling surface geometries
sA(Ai) =
1
2
[S(Ai|A1 ∪ · · · ∪Ai−1) + S(Ai|Ai+1 ∪ · · · ∪An)] , (4)
1We note that a similar construction for the harmonic chain was studied earlier in Ref. [62].
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where S(A|B) is the conditional entropy
S(A|B) ≡ S(A ∪B)− S(B). (5)
This admits a differential form for continuous systems [70]
sA(x) =
1
2
(
∂S(x1, x)
∂x
− ∂S(x, x2)
∂x
)
, (6)
where x1 and x2 are the positions of the endpoints A. This was generalized to spherical regions in
higher dimensions in Ref. [69]. Remarkably, in the scaling limit, this computable definition of the
entanglement contour coincides with the more complex contour functions studied in Refs. [61,63–65]2.
For a single interval of length l in 1+1d conformal field theories at finite temperature, the entanglement
contour is found to be
sA(x) =
pic
6β
(
coth
(
pi(x+ l2)
β
)
+ coth
(
pi( l2 − x)
β
))
. (7)
This manifestly displays the extensivity of the von Neumann entropy at high temperatures because
the contour is approximately constant and finite away from the entangling surface. Naturally, one would
like to compute a contour function that only captures the quantum correlations to understand the quasi-
local structure of entanglement. We therefore consider a contour for negativity in this paper. This
was initially considered in Ref. [71] for free bosonic lattice systems though technical difficulties arose
regarding non-positivity of the candidate contour function. It was further considered holographically
using bit threads in Ref. [70] in a way that satisfied the axioms of the contour though is technically quite
difficult to compute for generic configurations. It is then of great interest to demonstrate a computable
negativity contour that works for general quantum systems and subsystem configurations analogous to
the entanglement contour function (4).
Among various quantum systems, the free Fermi gas contains rich patterns of entanglement de-
spite its simplicity. While most systems obey an area-law entanglement [72] (especially in higher
dimensions), Fermi gases are an exception and violate the area-law in all dimensions thanks to their
codimension-one Fermi surface [73–80]. Furthermore, it is tempting to attribute the stability of Fermi
gases against weak interactions to this pattern of long-range entanglement [81, 82]. At the same time,
Fermi gases are relatively easy to analyze exactly and hence provide a good platform to benchmark our
proposals for the negativity contour.
It is believed that Fermi liquids are described by similar patterns of entanglement as well [81–84].
On the other hand, more exotic compressible states such as non-Fermi liquids also logarithmically
violate the area-law entanglement, although they are fundamentally different and are described by
emergent Fermi surfaces coupled to gauge fields [85–91]. In this paper, we study a class of holographic
non-Fermi liquids [92–99] and show that the negativity contour uncovers certain differences between
the Fermi gases and non-Fermi liquids.
In addition, the negativity contour provides an elucidating probe of thermalization, namely the
crossover from quantum to classical behavior of subregions. Understanding the mechanism of ther-
malization is a challenge of great interest to both statistical and high-energy physicists. The former
community is concerned with the emergence of statistical mechanics and hydrodynamics from iso-
lated quantum systems. On the other hand, thermal states in conformal field theories are conjectured
to be dual to black hole states in asymptotically AdS space-times [100–102]. Presumably, one can
2We do not have a first principles proof of this, but have numerical evidence for this claim displayed in Appendix B.
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Figure 1: Configuration of subsystems in Eq. (8).
then learn about black holes and quantum gravity by studying thermalization in their non-gravitational
quantum field theory counterparts. To probe thermalization, we study global quantum quenches i.e.
a sudden change of the Hamiltonian from gapped to gapless. While the signature of thermalization
in the entanglement contour is a constant (7), we find the signature in the negativity contour to be a
relaxation to zero away from the entangling surface (when restricting to sufficiently small subsystems).
This makes sense physically because after thermalization, subsystems should appear classical i.e. they
should have vanishing entanglement with their surroundings. While we compute the negativity only for
free fermions (a trivially integrable system), we argue that the negativity contour will be illuminating
for non-integrable systems where the dynamics of quantum information are highly non-trivial.
The rest of the paper is organized as follows: In section 2, we present our proposal for a computable
negativity contour. In section 3, we study systems with a Fermi surface and branch out to novel non-
Fermi liquids in section 4. In Section 5, we introduce dynamics and analyze our numerical results
using the quasi-particle picture. Finally, we discuss our results and avenues for future work in Section
6. We present details of our calculations in the appendices.
2 Negativity contour
We are able to construct a negativity contour for free fermions that satisfies the axioms of a contour
function. Our approach draws on the original entanglement contour approach for free fermions from
Ref. [61] where the contour function is defined by a weighting of the eigenvalues of the reduced density
matrix according to the magnitudes of the single-particle eigenfunctions. The details of our negativity
contour for Gaussian states are explained in Appendix A.
We propose a definition of the negativity contour for generic many-body quantum systems that is
straightforward to compute3
eA(A2) ≡ 1
2
(EA1∪A2;B∪A3 − EA3;B∪A1∪A2 + EA2∪A3;B∪A1 − EA1;B∪A2∪A3) (8)
and admits the differential form if we restrict to continuum field theories4
eA(x) =
1
2
(
∂E(x1, x)
∂x
− ∂E(x, x2)
∂x
)
, (9)
where x1 and x2 denote the left and right end points of A, respectively, and E(x, y) corresponds to the
logarithmic negativity between subregion (x, y) and its complement (see Fig. 1). In analogy to (6),
this may be generalized to highly symmetric regions in higher dimensions in the spirit of Ref. [69].
Because logarithmic negativity does not satisfy strong subadditivity, this contour function is not strictly
positive. Even so, we find that it is a faithful approximation to a negativity contour and furthermore
3We can similarly consider a “contour” function for the mutual information constructed from linear combinations of the
entanglement contour proposed in [70]. We use quotation marks because this contour does not strictly satisfy the positivity
condition. For subsystems A and B, the mutual information “contour” is defined as miA(x) ≡ sA(x)− sA∪B(x).
4One must be careful with the derivatives of the logarithmic negativity due to its non-analyticity derived from the use of
the trace norm. See Ref. [103] for important discussion on taking derivatives of the negativity (in particular the trace norm).
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appears to match with the Gaussian state contour in the scaling limit. An additional simple sanity check
is to consider A as the entire system. Whether or not A is in a mixed state, the above contour will be
zero everywhere. This is because when B = ∅, eqn. (8) reduces to
eA(A2) =
1
2
(EA1∪A2;A3 − EA3;A1∪A2 + EA2∪A3;A1 − EA1;A2∪A3) , (10)
which is manifestly zero because EA;B = EB;A.
Let us work out the negativity contour in a 1+1d CFT at finite temperature to understand its general
behavior and distinctions from the entanglement contour. The logarithmic negativity for a single inter-
val (−l/2, l/2) at finite inverse temperature β is computed using the following four-point function [41]
E = lim
L→∞
lim
ne→1
log〈σne(−L)σ¯2ne(−l/2)σ2ne(l/2)σ¯ne(L)〉β (11)
where the twist-fields are conformal primaries of dimensions
hσne = hσ¯ne =
c
24
(
ne − 1
ne
)
, hσ2ne = hσ¯2ne =
c
24
(
ne
2
− 2
ne
)
. (12)
The final result for a general CFT is given by [41]
E = c
2
log
[
β
pi
sinh
(
pil
β
)]
− picl
2β
+ f
(
e−2pil/β
)
+ 2 log c1/2 (13)
where we have introduced the regulator  and constant c1/2. The function f(x) is theory-dependent
because we are working with a four-point function that depends on full operator content. In general,
f(x) is unknown, though it tends to zero when l  β and to a constant when l  β. Dropping the
non-universal term, the negativity contour is found to be
euniv(x) =
pic
4β
(
coth
(
pi(x+ l2)
β
)
+ coth
(
pi( l2 − x)
β
)
− 2
)
. (14)
This should be compared to the entanglement contour (7) which is proportional except for the last
term in the parentheses. This term effectively cancels the thermal contribution to the entropy so that
the negativity contour exponentially decays to zero at distances larger than the inverse temperature
from entangling surface. Thus, the inverse temperature acts as the relevant length scale for quantum
correlations to remain when heating up the system5.
In the special case of holographic conformal field theories, the negativity including the function
f(x) can be solved using the approximation that logarithmic negativity is proportional to the entangle-
ment wedge cross-section in holographic theories
E = X dhol
EW
4GN
, (15)
whereX dhol is dependent on the geometry of the entangling surface. For more details, see the derivation
of the holographic formula for AdS3/CFT2 in Ref. [56]. Using (15), one finds that
E = c
2
min
[
log
(
β
pi
sinh
pil
β
)
, log
(
β
pi
)]
. (16)
5We refer the reader to a related “quantum correlation length” that has recently been studied using tripartite logarithmic
negativity in Ref. [104]. Both the negativity contour and this correlation length scale linearly with β in critical systems. It is
of interest to elucidate the connection between these quantities.
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The transition occurs l/β = log(1 +
√
2)/pi ' 0.28 . Using (9), we find
e(x) =

pic
4β
[
coth
(
pi(x+ l
2
)
β
)
+ coth
(
pi( l
2
−x)
β
)]
, l2 − |x| < β log(1+
√
2)
pi
0, l2 − |x| > β log(1+
√
2)
pi
(17)
Though quite similar to the universal part of the negativity contour, we find a sharp drop-off at l ∼ β
rather than a smooth exponential decay.
3 Fermi surface systems
In this section, we study the negativity contour for finite-temperature states of free fermions. The Re´nyi
entropies of a subregion of characteristic size l for a (d+ 1) metallic system with a codimension-one
Fermi surface is [74],
Sn(l) = Cd
(
n+ 1
6n
)
ld−1 log l, (18)
where
Cd =
1
4(2pi)d−1
∫
∂Ω
∫
∂Γ
dSkdSx|nx · nk|, (19)
Ω is the volume of the subregion normalized to one, Γ is the volume enclosed by the Fermi surface,
and the integration is carried out over the surface of both domains.
In particular, the entanglement entropy of a cylinderical region of perimeter L and length l in a
(2 + 1) metal reads as
Sn(l) =
(
n+ 1
6n
)
C2 · L log l. (20)
The filled Fermi surface of a (2+1) metal may be viewed as a collection of (1+1) gapless modes [78,
105–107] and the entanglement can be understood as a sum of one-dimensional segments (L of them)
each of which contributes (n+ 1)/6n · log(l) up to a geometrical coefficient (19). The above formula
was shown to be in a remarkable agreement with numerical simulations of various microscopic lattice
models [75,76]. The finite temperature Re´nyi entropy in (1+1) free fermions has the same form as the
zero temperature entropy provided that we replace log(l) by log[(β/pi) sinh(pil/β)]. We can further
follow similar lines of argument to deduce that the Re´nyi entropy of a (2 + 1) metal should obey the
following form [78,82],
Sn(l, T ) =
(
n+ 1
6n
)
C2 · L log
∣∣∣∣ βpi sinh
(
pil
β
)∣∣∣∣ . (21)
As shown in Ref. [108], the negativity of codimension-1 free fermions obey a similar form in terms of
the one dimensional negativity. So, for finite temperature negativity we can write
E(l, T ) = Cd · l
d−1
2
[
log
(
β
pi
sinh
(
pil
β
))
− pil
β
]
. (22)
7
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We should note that the bipartite logarithmic negativity is equal to the 1/2-Re´nyi entropy at zero tem-
perature. However, there is an important difference between the logarithmic negativity and the Re´nyi
entropy. Entanglement negativity has an extra term linear in l inside the parenthesis compared to the
Re´nyi entropies and this term exactly cancels the volume law term in the high temperature limit, i.e.,
the entanglement negativity obeys an area law E(lT  1) ∝ ld−1 log(β/pi) while Re´nyi entropy
grows as a volume law.
Plugging Eq. (22) into the derivative formula (9), the negativity contour is found to be
eA(x) = Cd · pil
d−1
4β
[
coth
(
pi(x+ l2)
β
)
+ coth
(
pi( l2 − x)
β
)
− 2
]
. (23)
We compare the Gaussian formula (as explained in Appendix A) and the discrete derivative formula
on the lattice (8) with the above continuum limit expression for a free fermion chain in Fig. 2 where we
observe a good agreement. It is worth looking at two extreme behaviors of the scaling limit formula
which are also evident in Fig. 2. First, near entangling boundaries in the regime where l/2− |x|  β,
the negativity contour admits a power law
eA(x)→ Cd · ld−1 l/4
l2/4− x2 (24)
which appears as a linear behavior in Fig. 2 for large values of l/2
l2/4−x2 (horizontal axis of Fig. 2).
Second, far from the entangling boundaries in the regime where l/2− |x|  β, the negativity contour
obeys the form
eA(x)→ Cdpil
d−1
β
exp
(
− pil
2β
)
cosh
(
pix
β
)
, (25)
which is exponentially small in l/β. In the next section, we study a class of holographic non-Fermi
liquids where we find that the negativity contour in the latter region (which is exponentially small for
the free Fermi gas) vanishes (possibly up to 1/N corrections in the holographic calculations).
4 Non-Fermi liquids
To study Fermi-surface systems holographically, we follow [92] in making use of general hyperscaling
violating quantum field theories with the following scaling of the coordinates
xi → λxi, t→ λzt, ds→ λθ/dds, (26)
where d is the number of spatial dimensions. These theories have gravity duals with metrics of the
form
ds2 =
R2
r2
(−f(r)dt2 + g(r)dr2 + dx2i ) (27)
where R is the AdS radius and
f(r) = f0r
−2d(z−1)/(d−θ), g(r) = g0r2θ/(d−θ). (28)
8
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Figure 2: Comparison of Gaussian formula (circles), continuum (solid curves) and lattice derivative
(crosses) formulae for negativity contour of a single interval (of length l) in a free fermion chain at
temperature T = 1/β. Here, total system is L = 400 and subsystem size is l = 160.
when the field theory is at zero temperature. We will not be concerned with f0 because we will always
be working on a constant time slice, but the value of g0 depends on the dimension and hyperscaling
violating parameters
g0 = (z − 1)−
θ
d(d−θ) (z + d− θ − 1)1+ θd(d−θ) (z + d− θ) d
2
(d− θ)2 . (29)
Furthermore, this family of metrics admit black hole solutions describing the boundary field theory at
finite temperature when we replace f(r) and g(r) by
f(r) = f0r
−2d(z−1)/(d−θ)
[
1−
(
r
rH
)d(1+z/(d−θ))]
, (30)
g(r) = g0r
2θ/(d−θ)
[
1−
(
r
rH
)d(1+z/(d−θ))]−1
, (31)
where rH is the value of the radial coordinate at the black hole horizon. We consider a strip geometry
of the boundary theory
x1 ∈
[
− l
2
,
l
2
]
, xi 6=1 ∈
[
−L
2
,
L
2
]
, L l. (32)
We denote the total cross-sectional area of the strip as Σ and set
θ = d− 1 (33)
which is a constraint found for holographic theories of compressible states with hidden Fermi surfaces
[92].
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In the high-temperature limit, the holographic negativity is simple to compute because the entan-
glement wedge cross section is purely radial, terminating on the black hole horizon
EW = 2ΣRg
1/2
0 ×
∫ rH
0
dr
rd−2√
1−
(
r
rH
)d(1+z) (34)
=

4ΣRg
1/2
0 tanh
−1
[√
1−
(

rH
)1+z]
1+z d = 1
2ΣRg
1/2
0
√
piΓ
[
1+ d−1
d(1+z)
]
(d−1)Γ
[
1
2
+ d−1
d(1+z)
] rd−1H d > 1
, (35)
where we have introduced UV regulator . The horizon radius and the temperature are related as rdH ∼
T−1/z , so we find an anomalous power-law scaling of the logarithmic negativity at high temperatures
E =

cΣRg
1/2
0 tanh
−1
[√
1−T 1+zz 1+z
]
1+z d = 1
cΣRg
1/2
0
√
piΓ
[
1+ d−1
d(1+z)
]
2(d−1)Γ
[
1
2
+ d−1
d(1+z)
] T 1−ddz d > 1
(36)
where c ≡ 3R/2GN is the central charge when d = 1, but related to the trace anomaly in higher
dimensions. Similar temperature scaling was also found in the capacity of entanglement [109]. At
low temperatures, the holographic negativity is proportional to the holographic entanglement entropy
studied in [92]
SlT 1/z→0 ∼ cQ(d−1)/dΣ log(Q1/dl), (37)
whereQ is the total charge density which is related to the Fermi wavevector asQ ∼ kdF . For reference,
the high temperature result was
SlT 1/z→∞ ∼ cQ(d−1)/dΣlT 1/z. (38)
With these results, we can quantitatively describe the form of the entanglement contour
sA(x) ∼
cQ
(d−1)/d l
l2
4
−x2 ,
l
2 − |x| . T−1/z
cQ(d−1)/dT 1/z, l2 − |x| & T−1/z
. (39)
Equation (8) leads to
eA(x) ∼
cQ
(d−1)/d l
l2
4
−x2 ,
l
2 − |x| . T−1/z
0, l2 − |x| & T−1/z.
(40)
Similar to what we found for free fermions, the negativity contour behaves as the entanglement contour
except that it has a sharp cutoff at a distance related to the temperature away from the entangling sur-
face6. There must also be some intermediate regime of the negativity contour in holographic systems
6Such sharp transitions are ubiquitous in (large N ) holographic theories and are expected to be smoothed out by 1/N
corrections.
10
Submission
in order to reproduce the total result for negativity when integrating the contour. Unfortunately, due to
the complexity of the bulk metric, we are unable to resolve this interesting intermediate regime ana-
lytically. Understanding the length scale at which quantum correlations disappear at finite temperature
for generic hyperscaling violating theories is thus an open question.
The mutual information “contour” is approximately
miA(x) ∼
cQ(d−1)/d
(
l
l2
4
−x2 − T
1/z
)
, l2 − |x| . T−1/z
0, l2 − |x| & T−1/z.
(41)
This is proportional to the negativity contour except for the temperature dependent term near the en-
tangling surface.
5 Quantum quench and thermalization
The entanglement structure of non-equilibrium states is significantly less well understood than that of
ground states and thermal states, though it has recently peaked great interest in the context of thermal-
ization, quantum information scrambling, and black holes. Elucidating the mechanism for the ther-
malization of many-body quantum systems is important for understanding the emergence of classical
thermal physics from a pure quantum state. Practically, classical physics is tractable to simulate using
classical computation while highly entangled quantum phenomena are notoriously difficult to simu-
late. We are interested in how we can treat subsystems classically after quantum thermalization. It
turns out that logarithmic negativity is the relevant entanglement measure for this purpose, rather than
von Neumann entropy, as it captures only the quantum entanglement, discarding the innocuous clas-
sical correlations. We study the negativity contour following a simple mass quench of free fermions.
We partition our system into two finite subsystems (denoted by A and B in Fig. 3) and treat the rest of
the system (denoted by C in Fig. 3) as a thermal bath.
We prepare our system in the ground state of the gapped Su-Schriffer-Heeger (SSH) Hamiltonian
HˆSSH = −
∑
i
[
t2f
L†
i+1f
R
i + t1f
L†
i f
R
i + h.c.
]
. (42)
We use the trivial gapped state where t2 < t1 and quench into the gapless Hamiltonian by taking
t2 = t1. Since the initial state is trivial, the two subsystems are initially unentangled. We compare the
negativity and entanglement contours in Fig. 4. It is evident from the negativity contour (first row of
Fig. 4) that the quantum correlation betweenA andB is transient. However, the entanglement contour
(second row of Fig. 4) saturates to a constant (thermal) profile. This manifestly demonstrates that the
system A ∪B is in a classical (zero-entanglement) thermal state.
In the spacetime scaling limit, the dynamics of entanglement in integrable systems are described
by the quasi-particle picture [110–113]. In this effective description, entanglement is carried by local
free-streaming quasi-particles. When a quasi-particle is contained in a region, the entanglement grows
accordingly if its “pair particle” is outside of the region. This has been made quantifiable for example
in a single interval of length l as [112]
S(t) =
∑
n
[
2t
∫
2|vn|t<l
dλvn(λ)sn(λ) + l
∫
2|vn|t>l
dλsn(λ)
]
, (43)
11
Submission
where the sum is over quasi-particle species, vn(λ) is the velocity of the quasi-particle, and sn(λ) is
a function dependent on the production rate of quasi-particles. The quasi-particle picture naturally
suggests an entanglement contour that was originally considered in Ref. [114]. This is because the
quasi-particles are additive in the von Neumann entropy, so the contour is simply the contribution of
the quasi-particles from the given subregion
sA(x, t > 0) =
1
2
∑
n
∫
dλ
(
Θ (2 |vn| t− x) + Θ (2 |vn| t− l + x)
)
sn(λ)
where A = (0, l) and Θ is the Heaviside step function. It is not hard to convince oneself that this
quasi-particle definition of the contour is exactly the same as the derivative formula (6).
Interestingly, a quasi-particle picture has also been constructed for logarithmic negativity [115], so
one may analogously find a negativity contour for quasi-particles corresponding to the the derivative
formula (8). By construction, negativity contours based on the quasi-particle picture are bounded from
below by zero. This means that (8) is a valid negativity contour for all integrable theories that follow the
quasi-particle picture following a quench. For simplicity, we consider adjacent intervalsA1 = (−l1, 0)
and A2 = (0, l2) and find
e
(f/b)
A2
(x, t > 0) =
1
2
∑
n
∫
dλ (Θ (2 |vn| t− x)−Θ (2 |vn| t+ l1 − x)) ε(f/b)(λ), (44)
where the superscript (f/b) corresponds to the fermionic and bosonic negativities and ε is the momentum-
dependent contribution of quasi-particles to the logarithmic negativity. This solution corresponds to a
moving “box” of quasi-particles. In general, the box will spread in space over time because of the mo-
mentum dependence of ε. We find (44) to be justified in Fig. 4 where we have numerically computed
the negativity contour for free fermions after a global quench. We note that the negativity contour does
not relax all the way back to zero. This may be attributed to the slow moving “tortoise modes” that
are seen generically in lattice models [116, 117]. Another noteworthy difference between negativity
and entanglement contours in Fig. 4 is that the negativity contour do not have the two extra light cones
at the leftmost and rightmost ends of the subsystem B which are present in the entanglement contour.
This behavior of the negativity contour is consistent with the fact that the negativity is a measure of
mutual correlation betweenA andB and indeed nothing should emerge at the interface betweenB and
C (c.f. Fig. 3).
There is also significant interest in understanding entanglement dynamics in non-integrable theo-
ries where the quasi-particle picture fails. In these systems, entanglement is not carried by coherent
localized objects. Rather, there are hints from holographic conformal field theories [11, 118] and ran-
dom unitary circuits [119–121], that the dynamics of entanglement in ergodic quantum systems are
carried by non-local membrane-like objects. In the former, the entanglement is captured by the HRRT
surface, while in the latter, entanglement is captured by the ‘line-tension” of a membrane in spacetime.
It would be fascinating to understand the entanglement and negativity contours in these systems. We
leave more thorough analysis to future work.
6 Discussion
In this work, we have laid the foundation for studying the entanglement structure of mixed states at a
quasi-local level through the introduction of the negativity contour. We have done so by constructing
a Gaussian formula for free fermions analogous to the original work of Ref. [61] and then generalizing
12
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Figure 3: We partition our system into three regions. After the global quantum quench, C effectively
acts as a thermal bath for A∪B. While the von Neumann entropy of region A or B satisfies a volume
law, the entanglement between the two regions (characterized by EA:B) is negligible. Hence, system
A ∪B approaches a “classical” state.
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Figure 4: Time evolution of the negativity contour using Gaussian formula (first row) and the entan-
glement contour (second row) for various sizes of subsystem B. We use a total system size to be 1200
sites, LA = 40, and LB = 60, 80, 100 (from left to right, respectively) in the configuration shown in
Fig. 3. Finite size effects cause recurrences in the negativity contour, so we only show times smaller
than the total system size.
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to generic many-body systems with a “derivative formula.” We have shown that this derivative formula
for the negativity contour along with its analog for the entanglement contour accurately reproduce the
results of the Gaussian formulas. We note that even though the derivative formulas are more general,
it is significantly more computationally efficient to use the Gaussian formulas when working in free
theories.
We have applied our formalism to various quantum systems. In Fermi surface systems, we have
seen how the negativity contour may shed light on the quantum-to-classical crossover [88]. The inverse
temperature β is manifestly the length scale at which quantum correlations disappear. There appear to
be violations of this in non-Fermi liquids with a dynamical critical exponent. It would be fascinating
to investigate this further, perhaps variationally using candidate wave functions [122,123]. Finally, we
have studied the dynamics of the negativity contour following global quantum quenches in integrable
systems. While the dynamics of free fermions are well understood, this serves as a proof of principle
for more novel non-integrable systems, and exciting prospects for future work.
An apparent disadvantage of the entanglement contour is that it is agnostic to multipartite entan-
glement. This should play a larger role in studies of strongly-interacting systems, though it is presently
unclear how appropriate it is to apply a local entanglement density function to systems that contain
multipartite entanglement.
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A Negativity contour of Gaussian states
In this appendix, we present a scheme to calculate the negativity contour for fermionic Gaussian states
(free fermions). The following procedure works efficiently for any quadratic Hamiltonian of the form
Hˆ =
∑
i,j tijψ
†
iψj+H.c. [124]. The only input needed to calculate the negativity contour in this case is
the correlation matrix. We first explain how to construct the correlation matrix for thermal equilibrium
states and out-of-equilibrium states as a result of a global quantum quench. Next, we discuss how the
negativity contour of a given correlation matrix can be computed.
The reduced density matrix ρ of a Gaussian state is fully characterized by the single particle cor-
relation matrix [125],
Crr′(t) = 〈ψ†rψr′〉 = tr(ρψ†rψr′). (A45)
For a thermal state, we have
Crr′ =
∑
n
f(n) u
∗
n(r) · un(r′), (A46)
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where |un〉 are single particle eigenstates Hˆ |un〉 = n |un〉, un(j) = 〈j|un〉 is the value of the wave
function at site j, and f(x) = (1 + exp(x/T ))−1 is the Fermi-Dirac distribution function. For the
ground state, the Fermi-Dirac distribution at zero temperature automatically enforces the summation
to be over the negative energy states.
In the case of quench dynamics, the initial state is an eigenstate of Hamiltonian Hˆ0 and the sub-
sequent unitary dynamics is governed by Hamiltonian Hˆ1. The Hamiltonians are quadratic which can
be written in a diagonalized form as
Hˆ0 =
N∑
n=1
˜ng
†
ngn, Hˆ1 =
N∑
n=1
nf
†
nfn. (A47)
We should note that these operators are related to real-space operatorsψi, ψ†i via single-particle unitary
transformations
g†n =
∑
r
ϕn(r)ψ
†
r, f
†
n =
∑
r
φn(r)ψ
†
r, (A48)
and
f †n =
∑
m
Wnmg
†
m, (A49)
where Wnm =
∑
r ϕ
∗
m(r)φn(r). We compute the correlation matrix at a given time t
Crr′(t) = 〈ψ†r(t)ψr′(t)〉 (A50)
by finding the Heisenberg evolution of operators
ψ†r(t) = e
iH1tψ†re
−iH1t =
∑
n
eintφ∗n(r)f
†
n. (A51)
Suppose the initial state is |Ψ0〉 =
∏
n∈occ. g
†
n |0〉, where occ. refers to the set of occupied states. Hence,
we can write
Crr′(t) =
∑
n,n′
ei(n−n′ )tφ∗n(r)φn′(r
′) 〈f †nfn′〉 (A52)
=
∑
n,n′
ei(n−n′ )tφ∗n(r)φn′(r
′)
∑
m∈occ.
WnmW
∗
n′m. (A53)
In the last line, we use the identity 〈f †nfn′〉 =
∑
m∈occ.WnmW
∗
n′m.
Now that we have the correlation matrix, we explain our method of computing the negativity con-
tour. We define the covariance matrix Γ = I− 2C which takes a block matrix form
Γ =
(
Γ11 Γ12
Γ21 Γ22
)
, (A54)
for a bipartite systemA = A1∪A2 withN = N1 +N2 sites. Here, Γ11 and Γ22 denote the reduced co-
variance matrices of subsystemsA1 andA2, respectively; whereas Γ12 and Γ21 contain the expectation
values of mixed quadratic terms. We define the transformed covariance matrix as
Γ± =
( −Γ11 ±iΓ12
±iΓ21 Γ22
)
, (A55)
15
Submission
 100  60  20 20 60 100
x
10 3
10 2
e A
(x
)
Derivative
Gaussian
(c)
 80  40 0 40 80
x
10 3
10 2
10 1
e A
(x
)
Derivative
Gaussian
 90  50  10 10 50 90
x
10 3
10 2
e A
(x
)
Derivative
Gaussian
 80  40 0 40 80
x
10 3
10 2
10 1
e A
(x
)
Derivative
Gaussian
 80  40 0 40 80
x
10 3
10 2
10 1
e A
(x
)
Derivative
Gaussian
(a) (b)
 80  40 0 40 80
x
10 3
10 1
e A
(x
)
Derivative
Gaussian
`1
<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBI HCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3 vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1 uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUz QymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrP XSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7 937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBI HCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3 vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1 uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUz QymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrP XSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7 937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBI HCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3 vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1 uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUz QymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrP XSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7 937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBI HCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3 vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1 uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUz QymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrP XSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7 937WLQWvHzmGP7A+/wBNRyO3w==</latexit>
d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit> d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokI eix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQ KNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKc ApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>
l1
<latexit sha1_base64="/giPlvBQ4aQce5QlfLqhC cE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5 r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8P x7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8 JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iY DoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+ Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhC cE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5 r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8P x7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8 JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iY DoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+ Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhC cE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5 r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8P x7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8 JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iY DoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+ Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhC cE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5 r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8P x7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8 JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iY DoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+ Vi0lpxi5hj+wPn8AflZjZQ=</latexit>
l2
<latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6X ChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPN SaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9 kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHen Y9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6X ChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPN SaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9 kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHen Y9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6X ChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPN SaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9 kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHen Y9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6X ChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im //GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoL J7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPN SaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9 kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHen Y9la8HJZ07hD5zPH/rdjZU=</latexit>
l1
<latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit>
l2
<latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit>
l1
<latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit><latexit sha1_base64="/giPlvBQ4aQce5QlfLqhCcE8grQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0 lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfb9vlv1at4cZJ X4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m31 9W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AflZjZQ=</latexit>
l2
<latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit><latexit sha1_base64="ZCcfjDIHnwTI/oFFNNR6XChCvjg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQxqg3LFrboLkH Xi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvf urSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/rdjZU=</latexit>
Figure 5: Negativity contour using Gaussian (A60) and derivative formulae (9) for two (a) adjacent
and (b,c) disjoint intervals. We use a total system size of 400 sites, l1 = l2 = 80, and d = 0, 20, 40
(from left to right, respectively) in the configuration shown above each panel.
corresponding to the partial transpose of the density matrix with respect to A1. Using algebra of a
product of Gaussian operators [108, 126], the new single particle correlation function associated with
the normalized composite density operator Ξ = ρT1ρT1†/ZΞ can be found by
CΞ =
1
2
[
I− (I + Γ+Γ−)−1(Γ+ + Γ−)
]
, (A56)
where the normalization factor is ZΞ = tr(Ξ) = tr(ρ2). The logarithmic negativity is found by
E = ln
[
Z1/2Ξ tr(Ξ1/2)
]
= ln tr(Ξ1/2) +
1
2
ln tr(ρ2). (A57)
In terms of eigenvalues of the correlation matrices, we can write
E =
N∑
j=1
[R(ξj ; 1/2) +
1
2
R(ζj ; 2)], (A58)
where
R(λ; q) = ln [λq + (1− λ)q] , (A59)
is a function with the property that R(λ; q) ≥ 0, q ≤ 1 and R(λ; q) ≤ 0, q ≥ 1. Here, ζj and ξj are
eigenvalues of the original correlation matrix C in Eq. (A45) and the transformed matrix CΞ (A56),
respectively. We can use the eigenstates of C and CΞ to find a spatial decomposition of the negativity,
i.e., an ansatz for the negativity contour which potentially satisfies the five criteria discussed in Sec. 2.
Let Uj(r) and Vj(r) be eigenstates of CΞ and C with eigenvalues ξj and ζj , respectively. Given these
facts, we introduce the following quantity
eA(r) =
n∑
j=1
[|Uj(r)|2R(ξj ; 1/2) + 1
2
|Vj(r)|2R(ζj ; 2)], (A60)
as a candidate formula for the negativity contour of fermionic Gaussian states. We should note that
R(λ; 1/2) ≥ 0, while R(λ; 2) ≤ 0 and our ansatz is not guaranteed to be positive. However, we
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always observe that this expression is positive. Moreover, the completeness of {Uj(r)} and {Vj(r)}
eigenvectors implies
∑N
r=1 eA(r) = E . The invariance under local unitary operators is also guaranteed
by the orthogonality of eigenvectors. Figure 5 shows a comparison of the derivative formula (8) and
the Gaussian expression for the negativity contour of two intervals on a free fermion chain. The two
quantities agree quite well away from the boundaries for both adjacent and disjoint intervals. It is
interesting to note that within each interval the contour is monotonically increasing as we move towards
the other interval.
We finish this appendix by providing analytic expressions for the negativity contour of tripartite
geometry in the ground state of free fermions. For two adjacent intervals of lengths l1 and l2, the
contour is found to be
eA(x) =
l2/4
(l1/2− x)(l2 + l1/2− x) , (A61)
where |x| ≤ l1/2 defined over the interval A. It is easy to check that the above quantity satisfies∫ l1/2
−l1/2
eA(x)dx =
1
4
ln
(
l1l2
l1 + l2
)
, (A62)
which is the familiar expression for a tripartite negativity of two adjacent intervals in a CFT with c = 1.
Moreover, the negativity contour of two disjoint intervals (separated by distance d) is given by
eA(x) =
l2/4
(d+ l1/2− x)(d+ l2 + l1/2− x) , (A63)
which reproduces the expected value for the logarithmic negativity [127],∫ l1/2
−l1/2
eA(x)dx =
1
4
ln
(
(l1 + d)(l2 + d)
(l1 + l2 + d)d
)
. (A64)
We should note that in contrast to the case of two adjacent intervals (A61) the negativity contour of
two disjoint intervals does not diverge anywhere within its domain |x| ≤ l1/2 and it is bounded from
above where the maximum value is eA = l2/4d(l2 + d) at the right end, i.e., x = l1/2.
B Universality of entanglement contours
In the main text, we mainly discussed the negativity contour. Here, we would like to compare the
derivative formula as an entanglement contour (which satisfies all requirements for a contour [70])
with free fermion and boson Gaussian formulas developed in Refs. [3, 63]. To this end, we consider a
reduced correlation matrix Cij = 〈f †i fj〉 of a subregion of length l on an infinite free fermion chain.
The Gaussian formula is given by
sA(x) =
l∑
j=1
|Uj(x)|2s(νj), (B65)
where {Ui(j), 0 ≤ νi ≤ 1} is a set of eigenvectors/eigenvalues of the correlation matrix Cij and
s(x) = −x lnx−(1−x) ln(1−x). Similarly, for a bosonic chain we take reduced correlation matrices
Qij = 〈qiqj〉 and Pij = 〈pipj〉 of a subregion of length l on an infinite Harmonic chain [62,63] where
17
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qi and pi denote the canonical variables on each site such that [qm, pn] = iδmn. The Gaussian formula
for bosonic entanglement contour is given by
sA(x) =
l∑
j=1
|Vj(x)|2s˜(σj), (B66)
where {Vi(j), σi ≥ 1/2} is a set of eigenvectors/eigenvalues of the matrix ΞQΞ or ΠPΠ (which are
simultaneously diagonalizable) where
Ξ2 = Q−1/2(Q1/2PQ1/2)1/2Q−1/2, Π2 = P−1/2(P 1/2QP 1/2)1/2P−1/2, (B67)
and s˜(x) = (x+ 1/2) ln(x+ 1/2)− (x− 1/2) ln(x− 1/2). Notice that the entanglement entropy is
S =
∑
j s˜(σj).
The numerical results are plotted in Fig. 6. In the case of free fermions, we impose an anti-periodic
boundary condition. In the case of Harmonic chain, we impose a periodic boundary condition while
adding a small mass ω to avoid diverging correlators (as is usually done in the literature [62,63]). We
observe that the derivative and Gaussian formulas match very well for the free fermion chain, while
they differ quite a bit for the harmonic chain. Also, as we see in the right panel of Fig. 6, the universal
form of the entanglement contour in CFT,
sA(x) =
c
3
l/2
l2/4− x2 (B68)
(shown as a solid black line) gives a good fit to the entanglement contour of the fermion or boson
lattice. We believe that the slight deviation of the derivative formula for the harmonic chain from the
CFT expression is due to the presence of the mass term.
Let us now discuss the mysterious confluence of entanglement contour functions in holographic
field theories. There are three proposals for the entanglement contour to compare, the derivative for-
mula generalized to spheres in all dimensions [69, 70], the formula from bulk modular flow [66, 69],
and the formula derived from explicit realizations of bit threads configurations [70]. We only con-
sider ball-shaped regions where all of these formulas are well-defined. Furthermore, we only apply the
derivative formula in 1 + 1d.
The bulk modular flow construction states that entanglement contour can be computed by identi-
fying points in the boundary interval with points on the Ryu-Takayanagi surface. The contour function
is computed by the area of the subregion of the Ryu-Takayanagi surface associated to the boundary
point. Finally, the bit thread construction involves constructing an explicit bit thread configuration. Bit
threads are an alternative formulation of holographic entanglement entropy in which the entanglement
is computed by a maximization over bit thread configurations [128]
SA = max
v
∫
A
v, (B69)
where v is a divergenceless vector field in the bulk with its norm bounded above by (4GN )−1. This
presents a natural (though usually computationally intractable) contour function in holography
sA(x) = |v(x)| . (B70)
The authors of Ref. [70] used the geodesic flow construction of Ref. [129] which had bit threads config-
ured so they follow bulk geodesics connecting the asymptotic boundary to the Ryu-Takayanagi surface.
Remarkably, regardless of the construction, one finds the entanglement contour to be
sA(r) =
c
6
(
2R
R2 − r2
)d
. (B71)
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Figure 6: Entanglement contour using Gaussian and derivative formulae (6) for a finite region of length
l = 400 in infinite bosonic and fermionic chains. The bosonic calculation is done for a chain of coupled
harmonic oscillators (the so-called Harmonic chain [63]) and the fermionic calculation is carried out
for a free fermion chain. The solid black line in the right panel is the continuum limit expression for
the contour in CFT (B68) with c = 1. For the Harmonic chain, we added a mass term ω = 4× 10−4/l
to avoid singular behavior in the correlator 〈qiqj〉.
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